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Composite Fermion approach using extensive and paral- 
lelized numerical analysis has recently established a two-roton 
bound state as the lowest energy long wavelength neutral ex- 
citation of fractional quantum Hall effect for finite particle 
(N ~ 30 ) system. By focusing on the oriented dipole char- 
acter of magneto roton, we model the two roton problem and 
solve it variationally (analytically) to find a two roton bound 
state with binding energy which is in good agreement with 
the composite Fermion numerical results. 

PACS numbers: 73.43.-f 



The pioneering work of Girvin, Macdonald and Platz- 
man (GMP) JlJ brought out non-trivial inner structure 
of neutral excitations of the Fractional Quantum Hall 
Effect (FQHE) || systems. This inner structure is very 
transparent for the magneto roton, the minimum energy 
neutral excitations at a finite wave vector fco'o = 1-4 
for the v = | quantum Hall state. They are well ap- 
proximated by a Laughlin quasi-hole - quasi-particle 
(— — ) bound state, as shown in Fig. la. The compos- 
ite Fermion (CF) j|] approach, that goes beyond Laugh- 
lin hierchy of — filling, views the neutral excitations as 
a composite Fermion interband excitons of the 'pseudo' 
Landau bands. The CF approach has also suggested vari- 
ational schemes that is amenable to numerical studies. 
Theoretical studies of neutral excitations have become 
meaningful in the light of the Raman scattering experi- 
ments {§- @. 

The aim of the present Letter is to provide an effec- 
tive microscopic model that uses the essential structure of 
magneto roton. In our parameter free theory we get the 
two-roton ( with zero total momentum ) binding energy 
that is in good agreement with the extensive finite parti- 
cle system study result in the CF approach. We first show 
that the magneto roton is an oriented dipole analogous 
to the description of a magnetic exciton Q , , || as well 
as Read's || dipole description of the neutral composite 
fermion at v — \. The dipole moment vector ( d ), the 
momentum of the magneto roton (p ) and the external 

magnetic field (z ) form a triad (i = f? t p , ). The ori- 

\d\ \p\ 

ented character of the dipole moment leads to a velocity 
dependent effective interaction between two rotons, ana- 
logue to the velocity dependent interaction found by one 
of the author's in the context of BCS instability of 
composite Fermi liquid. The resulting two body problem 
is solved variationally to find a bound state. The bind- 



ing energy of our ( parameter free ) theory is in good 
agreement with the numerical results of Park and Jain 
& ^ 

In the single mode approximation ( SMA ) a neutral 
excitation is defined by (unnormalized) wave function 
ijj q = PhhhPq^L i where p q = J2i e lq ' Ti . The minimum of 
energy (E m i n — E rot ) occurred at k = kg and this exci- 
tation was called magneto roton, by analogy with roton 
of liquid 4 helium jjjfl . 

It was observed by GMP |J that the zero momentum 
neutral excitation, as observed by numerical experiment 
|]l3f was in disagreement with their result at E(fe = 0). 
Since the numerically observed results was slightly less 
than 2E rot (k — ko), they speculate that the minimum 
energy excitation could be a two-roton bound state, as 
shown in Fig. lb. Within the Landau-Ginzburg theory, 
Lee and Zang |Q also proposed that the k = excitation 
consists of two dipoles (two magneto-rotons ), arranges 
in such a way that it has quadrupole moment but the 
net dipole moment is zero. Two-roton bound state are 
suspected to occur in liquid 4 helium p6[ . 

In a recent paper, Park and Jain pd] have extended 
their CF exciton theory of magneto roton to two-roton 
bound state problem. Using parallel computing tech- 
nique, they have handled upto 30 particle systems. They 
have shown very convincingly that the zero momentum 
lowest energy excitations is a two-roton bound state. 

According to Laughlin ju| , the elementary charged ex- 
citations, at the filling fraction v = — , are quasiparticles 
(q.p) and quasiholes (q.h) with fractional charge ± — . 
The effective magnetic length for a particle with frac- 
tional charge ^ is lo\/m, where Iq — J &g is the mag- 
netic length for a particle with charge e. A roton with 
wave vector |fc| is a bound state of a q.p and q.h sepa- 
rated by a large distances mfcZp. A q.p and q.h have an 

attractive Coulomb interaction V(r) = % — . In lowest 

Landau level at filling fraction v = — ( m is an odd in- 
teger), they obey the following guiding center dynamics 
il, Cell: 
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where r e and fh are the co-ordinates of the q.p and the 
q.h. These equation leads to a drift velocity Vd = 4fR of 
the center of mass of the pair: 



1 



ml 



v d = -r^{V?V{r) x z) 



(3) 



a dipole-dipole interaction. This momentum dependent 
dipole-dipole interaction was first suggested by one of 



where r = f e - f h is the relative distance between the the author's @ for v = \ composite Fermi liquid. The 



q.p and q.h. and R = ^'^^ center of mass co-ordinate. 
Since the q.p and q.h carry opposite charges, they both 
drift in a direction perpendicular to their separation vec- 
tor r direction. 
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f.(VfV(r) x z) 



z.(rx V?V(r)) = 0, 
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since r x VpV(r) is zero. Hence f.Vd — 0. Laughlin's 
quasi-exciton wave function ( see Eq. (8) of Ref. Q|) 
can be re- written in terms of the center of mass and the 
relative co-ordinates as 
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The amplitude of this wave function is maximum when 
f = ml^k x z. So Laughlin's quasi-exciton wave function 
strongly suggest the oriented nature of our dipole. This 
dipole dynamics is very similar to the dynamics of a vor- 
tex anti-vortex in fluid dynamics. The distance between 
the constituent particles of a roton ( oriented dipole ) 
is r = ml^(z x k). The dipole moment of this roton is 
d — —ml^z x k) or d — el^{z x k). The dipole moment 
is the same for v = i and v — | for a given k. 

At filling fraction v = there is a parabolic disper- 
sion around the minimum energy at finite k = Icq. The 
energy spectrum can be written around the minimum 
energy at k = ko as 



E(k) = E ro 



2m 



-(|fc|-fc ) 2 , 



(6) 



where E rot is the minimum roton energy at k = kg and 
m r is the roton mass. The minimum roton energy E rot 
and the corresponding ko are different for different filling 
fractions. So the kinetic energy of a roton is different for 
different filling fractions through m r and fco- F or v = ^ 

2 

E rot = 0.075^ is the minimum roton energy at k$lo = 
1.4. m r — 2eh 2 /e 2 lo is the roton mass. The mass of a 
roton is calculated from the curvature of the excitation 
spectrum at v = | given in Ref. (T) by using the relation 

m r = T^TIT at fc = k . 



The kinetic energy for two roton with momenta k\ and 



ko is 



T : 
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Since each roton is an oriented dipole, it is a natural 
choice to consider the interaction between two roton as 



classical dipole-dipole interaction energy with two dipolcs 
d\ and di is, 
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where f\ and r*2 are the position vectors of the two dipolcs 
and r*i2 = fi — ?2 is the relative distance between two 
dipoles. e is the dielectric constant of the background 
material. 

di — elo(z x ki) and d 2 = el 2 {z x k 2 ) are the dipole 
moments of the two roton with wave vector k\ and k 2 re- 
spectively and 1 7^12 1 is the relative distance between two 
rotons. Using the dipole moments d\ and d 2 for the two 
rotons, this interaction energy can be rewritten in terms 
of the total momentum K = k\ + k 2 and relative momen- 
tum k — ki — k 2 as 



U 



e 2 lt.{K 2 -k 2 ) (z x (K + k).f 12 )(z x (K - k).r 12 ). 
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This is a semi classical expression for the potential en- 
ergy of two interacting oriented dipoles . Since an ori- 
ented dipole is a quantum mechanical particle, we pass on 
to quantum dynamics by symmetrize the above classical 
energy expression and replace the total momentum K 
and the relative momentum k by an operator — and 
— iVf respectively. After symmetrize, interaction energy 
reduces to 



U = 
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In operator form, it becomes 
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where <f> is the angle between r and x axis and 
gle between R and X axis. The term -U-j^-Vp 

Z ' 12 

in the above expression is due to symmetrization of 

■ 12 

V 2 . 

term. Without symmetrization of this term -j 2 , the in- 

r 12 

teraction does not give the correct binding energy. So 
quantum mechanics play a crucial role in the interac- 
tion between two rotons. This is a momentum depen- 
dent, non-central potential between two oriented dipoles 



is the an- 
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of non-zero total momentum. This momentum depen- 
dent interaction energy is same for all v = ( 2m p+i) filling 
fractions, where m and p are integers. 

Since we are interested in the pair formation, we con- 
centrate only two roton with opposite momenta {ki = 
—fo)) as done in BCS theory. Hence the total momen- 
tum is zero. The interaction energy can be written as 

p 2 l 4 11 1 3 f) 2 

4e L 2 y rf 2 r\ 2 " r\ 2 d(j> 2i 

The Hamiltonian for this two body problem with the 
total momentum TiK — becomes 

h 2 

H=—(\iV P \-2k ) 2 (13) 

+ ^r\\&v%+ vK-J-)) - 

We propose a variational wave function 

V>(r) = Nr 2 e- ar J (2k r), (14) 

where N is the normalization constant which is deter- 
mined by the condition J d 2 r\ip(r)\ 2 = 1, Jo(2feor) is the 
zcroth order Bessel function and r — \ri2\- ct is the varia- 
tional parameter which can be determined by minimizing 
the energy expectation value. 

In superconductivity, Cooper pair forms at the Fermi 
surface between two electrons with opposite momenta. 
Similarly, roton pair forms at and near k = k . The annu- 
lar region in k-space that contributes to K — magneto 
roton bound state is shown in Fig. 2. Like Cooper pair 
wave function, we construct a wave function for the two- 
roton bound state with momenta (ko,— fco) which gives 
Jo(2kor) for s-state. 2ko is the relative momentum of 
these two roton. 

To calculate the expectation value of the first term 
( kinetic term ) on the right hand side of this Hamil- 
tonian, we go to the momentum space. The variational 
wave function in momentum space is 

m=N>^ r^[2,2.5;l;-( fc2 + 4fc "- 2 4fcfc0COS ^] 
or J 1 a 2 

(15) 

where N' is the normalization constant. In momentum 
space the kinetic energy operator is T — y— (fc — 2fco) 2 . 
The expectation value of the kinetic energy in k-space is 
Ei (a) = 0.125E C J d 2 k\ip{k)\ 2 {k - 2.8) 2 , where E c = ^ 

is the unit of Coulomb energy and a — alo and k = Hq 
are the dimcnsionless variables. 

The expectation value of the interaction term ( second 
term of the Hamiltonian ) is E 2 (a) — °- 1 ^> B ' E c where A 
and B are the following integrals: 

y* 00 

A = / dff 5 (J (2.8f)) 2 e - 2df , (16) 
Jo 



B= df[4-2f 2 5 2 + 2<5f-15.68f 2 ]J 2 (2.8f)e" 25,; . 
Jo 

(17) 

We are numerically minimizing the energy functional 
E(a) = Ei(a) + E2{a) with respect to the variational 
parameter a. The minimum energy for two-roton state 
is 0.138 E c at a = 0.41 whereas 2E rot = 0,15E C so that 
the binding energy is 0.012_E C . Park and Jain have found 
a minimum energy of 0.135 E c and hence the binding 
energy is 0.015 E c . Our binding energy is thus in good 
agreement with the extensive numerical results of Park 
and Jain So two rotons with opposite momenta 

forms a bound state. 

The root mean square distance between these two ro- 
ton is V < r 2 > ~ 6.7Zo where as the size of a single roton 
is approximately 4.2 Iq. 

When the total momentum K of a two-roton bound 
state increase, the energy is also increased. At K > K c , 
the two-roton bound state breaks into two rotons. To 
get a qualitative idea that how the excitation spectrum 
of a bound state goes with the total momentum, we use 
semiclassical approximation. We consider k\ = fco + q 
and fc 2 = —fco, where \q\ < \ko\. One can easily get the 
semiclassical energy E{K) = E c [0.3125{Kl ) 2 - 0.01(1 + 
0.77(KIq) 2 )] The critical momentum K c can be deter- 
mined by the condition, E(K = 0) + E(K) = 2E rot . 
Using this condition, we have KJq = 0.22. The two- 
roton bound state is not the lowest energy excitation 
when K > K c . Expected excitation spectrum of a two- 
roton bound state and the two roton continuum state is 
shown in Fig. 3. and compared with a single roton exci- 
tation spectrum which is given in Ref. |Q. The effective 
mass of a two roton bound state is M — 0.054m e which 
is 75 percent less than the sum of the two rotons mass. 

In conclusion, we identified the magneto roton as an 
oriented dipole. We derived the momentum dependent, 
non-central interaction energy form between two rotons 
from a classical dipole-dipole interaction energy. Finally 
we proposed a wave function for two-roton state and 
shown analytically that at v = ^ lowest energy excitation 
is a two-roton bound state (with zero total momentum) 
instead of a single roton. 

One of us (G.B) wish to thank Steve Girvin for a dis- 
cussion. This research was supported in part by the 
National Science Foundation under Grant No. PHY94- 
07194. 
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FIG. 2. Annular region in k-space that contributes to 
K = magneto-roton bound state. 
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FIG. 1. Schematic diagrams for ( a ) a single roton with 
momentum k and ( b ) a two-roton bound state with total 
momentum K — 0. 



FIG. 3. Expected qualitative excitation spectrum of 
two-roton bound state compared with excitation spectrum of 
a single roton. 
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